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We investigate a disorderly mesoscopic device that supports spin-orbit interaction. The system
is connected to four semi-infinite leads embedded in the Landauer-Buttiker setup for quantum
transport and, according to our analysis, exhibits spin Hall angle fluctuations. We show analytically
and numerically the fingerprint of the universal fluctuation of the polarization mediated by the
conversion of charge current into spin current. Our investigation shows the complete compatibility
of our analytical and numerical results with the most recent experiments. Furthermore, we show
nonzero and universal features of spin Hall effect in Rashba 2DEG with disorder. All the results
show the relevance of microscopic parameters for electronic transport with charge-spin conversion
and, in many cases, inevitably lead to universal numbers.
PACS numbers: Valid PACS appear here
Introduction - The spin-orbit interaction (SOI) is a rel-
ativistic effect which is found in many branches of con-
densed matter physics [1–5]. Such coupling permeates
the history of quantum mechanics through its numerous
manifestations and applications that include the hyper-
fine structure in atomic spectroscopy, the modification of
shell models in nuclear physics and, more recently, spin-
tronics [6–15]. One of the most relevant manifestations
of the spintronic is the spin Hall effect (SHE) [16,17],
which was proposed in the Refs. [18,19] and measured
for the first time in the Refs. [20,21]. The main mecha-
nism underlying the effect is an electric field applied to
the device in the longitudinal direction generating a pure
longitudinal charge current, as usual. However, the up
spins electrons are deflected to a diametrically opposite
side of the down spins electrons, in the same amount,
giving rise to a pure transversal spin Hall current due
to SOI. To quantify the efficiency of charge-to-spin con-
version, it is commonly used the spin Hall angle (SHA),
which is defined as ratio between the vertical spin Hall
current and longitudinal charge current. Its experimen-
tal values can range between 0.01% to 58% for different
materials in disorderly regime [22–34].
The SHE fluctuations were theoretically investigated
in the Refs. [35] in a disordered four-leads device using
a tight-binding model. The authors showed the presence
of a universal spin Hall conductance fluctuations with
a universal number rms[GsH] = 0.18e/4pi in the pres-
ence of the SOI. Motivated by this numerical result, the
authors of Ref. [36] were able to recover this universal
number analytically using the Ladauer-Buttiker formu-
lation (LBF) [37] and the random matrix theory (RMT)
[38]. Furthermore, they demonstrated the universal be-
havior established with the circular symplectic ensemble
(CSE) in the framework of RMT. In the current liter-
ature, there are many SHA theoretical studies [12,39],
however a theoretical investigation of SHA fluctuations
concatenating both by numerical calculation and all the
analytical results are completely missing.
Given this scenario, a relevant question that remains
open is: what information regarding electronic trans-
port is provided by a measurement of SHA fluctuations?
We will show, analytically using LBF, RMT, DMPK
equation [40] and central limit theorem (CLT) [41] that
the SHA deviation is a function of only three variables
in the disorderly regime with strong SOI: the sample
thickness, longitudinal length and the free electron path.
In addition to these results, we show that if the sam-
ple length is long enough, the SHA maximum deviation
holds a universal relation with dimensionless conductiv-
ity ΘsH × σ = 0.18 which is independent of the mate-
rial and its specific features. This universal relation is
supported by five different experimental data and a nu-
merical calculation. Furthermore, despite the consensus
of a vanishing SHE due to disorder [5,8], we show that
the zero SHE are irrelevant for realistic finite-size sys-
tems where self-averaging over an infinite system size is
avoided [1,7].
SHA fluctuations - The device is designed with four
semi-infinite leads (black) connect to a scattering region
with disorder and strong SOI (blue) as depicted in the
Fig.(1). An electric potential difference V is applied be-
tween the leads 1 and 2, which gives rise to a pure longi-
tudinal charge current.
From the LBF, the Refs. [6,7,36] were able to obtain
the following expression for the vertical spin Hall current
Isi,α =
e2
h
[
(ταi2 − ταi1)
V
2
− ταi3V3 + ταi4V4
]
, i = 3, 4, (1)
and also for longitudinal charge current
Ic =
e2
h
[(
4N + τ012 + τ
0
21 − τ011 − τ022
) V
4
+
(
τ023 − τ013
) V3
2
+
(
τ024 − τ014
) V4
2
]
. (2)
The dimensionless integer N is the number of propa-
gating wave modes in the leads, which is proportional
to both the lead width (W ) and the Fermi vector (kF )
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2through the equation N = kFW/pi, while V3,4 are the
vertical leads potential. The transmission coefficients ταij
can be obtained from transmissions and reflections blocks
of the corresponding device scattering S-matrix as
ταij = Tr
[
(Sij)† σαSij
]
, S =
 r11 t12 t13 t14t21 r22 t23 t24t31 t32 r33 t34
t41 t42 t43 r44
 ,
with σ0 and σα denoting the identity and Pauli matrices,
respectively, with polarization direction α = x, y, z.
The SHA is defined as the ratio between vertical spin
Hall and longitudinal charge currents
ΘsH =
Is
Ic
. (3)
To develop the ensemble average of the Eq.(3), the CLT
can be implemented. Hence, taking high Fermi energy
limit E  0, which means that device thickness is large
N  1, the Eq.(3) can be expanded as
〈ΘsH〉 = 〈I
s〉
〈Ic〉 +
〈δIs〉〈Ic〉 − 〈δIc〉〈Is〉
〈Ic〉2 +O(N
−1) (4)
This methodology is often used to electronic transport in
RMT [42–47]. As showed in the Refs.[36,47] the spin Hall
current average is null, 〈Is〉 = 〈δIs〉 = 0, which leads us
to deduce
〈ΘsH〉 = 0. (5)
The Eq.(5) for the SHA implies a Gaussian distribution
with maximum in zero and also that all relevant infor-
mation may be contained in its fluctuations. The device
under study is disorderly, which induces universal spin
Hall and charge currents fluctuations [35]. Hence, it is
reasonable to be expected that the SHA has universal
fluctuations. In the usual way, we define the SHA devia-
tion as
rms[ΘsH] =
√
〈Θ2sH〉 − 〈ΘsH〉2 =
√
〈Θ2sH〉,
We follow the same methodology above to the ensemble
average and obtain
〈
Θ2sH
〉
=
〈Is〉2
〈Ic〉2 + 2
〈δIs〉〈Is〉〈Ic〉 − 〈δIc〉〈Is〉2
〈Ic〉3
+
〈δIs2〉〈Ic〉2 + 〈δIc2〉〈Is〉2 − 2〈δIsδIc〉〈Is〉〈Ic〉
〈Ic〉4
+ O(N−3).
Using the zero mean again for the current, 〈Is〉 = 0, it
simplifies to
rms[ΘsH] =
√
〈δIs2〉
〈Ic〉2 , (6)
FIG. 1: The spin Hall device design. The scattering sample
with disorder and strong SOI (blue) is connected to four semi-
infinite leads.
that is, we can infer the SHA deviation with the knowl-
edge the spin Hall current fluctuations and the charge
current average.
Applying the diagrammatic method [48] to scatter-
ing matrices in the circular symplectic ensemble (strong
SOI), it was obtained for spin Hall current fluctuation
the expression [36,47]
〈δIs2〉 =
(
e2V
h
)2 [
1
32
+O(N−1)
]
. (7)
At this point, we must invoke calculations that incorpo-
rate length scales that are not covered by diagrammatic
method [48]. The longitudinal charge current average is
appropriately described by the result provided by DMPK
[40,42]
〈Ic〉 = e
2V
h
[
N
1 + Lle
+O(N−1)
]
, (8)
where L and le are device longitudinal length and free
electron path, respectively. The limit L/le  1 leads
to diffusive regime while L/le  1 ballistic regime as-
suming that phase coherence length Lφ satisfies Lφ > L.
Substituting the Eqs.(7) and (8) in the Eq.(6), we obtain
rms[ΘsH] =
0.18
N
(
1 +
L
le
)
. (9)
The Eq.(9) is the main outcome of this work, which ex-
presses the universal fluctuation as a function of three
variables relevant to the electronic transport. The Eq.(9)
drives to two important interpretations: 1) disorder in-
crease the SHA, the more scattering the spin carrier suf-
fers the greater the charge-spin conversion; 2) decreasing
of device thickness N increasing SHA. The authors of
Ref.[39] have used the Drude model and found that the
SHA can be enhanced by decreasing film thickness, which
is in accordance with Eq.(9).
Taking the limit L/le  1, the SHA attains a maxi-
mum deviation with the limit of Eq.(9) resulting in
ΘsH × g = 0.18, (10)
3FIG. 2: The figure shows the SHA ΘsH(%) as a function
of dimensionless conductivity σ. The symbols circle, star,
diamond and triangle right are experimental data obtained
from the Ref.[24]. The experimental square, plus and triangle
down and times symbols are obtained from Refs.[25–28], re-
spectively. The continuum line (blue) is the analytical result
of the Eq.(11).
which is valid to chaotic ballistic billiard and accordingly
g = N is the dimensionless conductance. Furthermore,
taking the limit L/le  1, the Eq.(9) can be written as
a function of dimensionless conductivity σ = Nle/L as
ΘsH × σ = 0.18, (11)
which indicates the decrease in SHA as a power law as
a function of conductivity for films with strong SOI in
disorderly regime. Moreover, the Eq.(11) means that the
product between ΘsH and σ has a universal value 0.18,
which is independent of the material and its specific fea-
tures.
Experimental analysis - The Fig.(2) shows ΘsH(%) as
a function of dimensionless conductivity σ. The sym-
bols circle, star, diamond and triangle right are exper-
imental data obtained from the Fig.(4) of the Ref.[24].
Pt films were used in the moderately dirt regime. The
conductivity axis of experiment was normalized as σ =
σexp(Ω
−1 · cm−1)/104(Ω−1 · cm−1).
The experimental square symbols are obtained from
the Table 1 of the Ref.[25] for films of NiFe/Pt, CoFe/Pt
CoFe/Pd and CoFe/Au from ρN (µΩ ·cm) and ΘSHE (1D-
anlylical) (%) columns. The plus symbols are obtained
from the Fig.(2.a,b) of the Ref.[26] for films based on W
by mixing with Hf with concentration ≥ 0.7. Moreover,
the triangle down symbols are obtained from Table 1 of
the Ref.[27] for β-W thin films, while the times symbol
are obtained from the Ref.[28] for p-Si thin film.
In the same Fig.(2), we plot the Eq.(11) as a contin-
uum line (blue) and, as depicted, we conclude the com-
FIG. 3: The figures (a,c) show the spin current average while
(b,d) show the spin current deviation as a function of the
disorder U . The figures (a,b) are for different values of SOI
λ at fix E = 1, while (c,d) are for different values of E at fix
λ = 0.8. In both cases the spin Hall current deviation results
in rms[Is] = 0.18 (dashed line), Ref.[35].
patibility between the five experiments [24–28] and our
analytical results follow satisfactorily the universal rela-
tion ΘsH × σ = 0.18.
Numerical results - We developed a numerical calcu-
lation of SHA fluctuations and we established a direct
comparison with the Eqs.(5) and (9). The device design
is depicted in the Fig.(1) and the tight-binding Hamilto-
nian of scattering region (blue) is [49,50]
H = −t
∑
〈i,j〉,σ
c†iσcjσ +
∑
iσ
(4t+ i) c
†
iσciσ
− iλ
∑
〈i,j〉
(
c†iσycj − c†iσxcj
)
(12)
The fist term represents the usual nearest-neighbor in-
teraction, where ci (c
†
i ) are the annihilation (creation)
operators and t = ~2/2m∗a2 is the nearest-neighbor hop-
ping energy [51]. The second one is an Anderson disorder
term. The disorder is realized by an electrostatic poten-
tial i which varies randomly from site to site according to
a uniform distribution in the interval (−U/2, U/2), where
U is the disorder strength. The last one, λ = ~αR/2a de-
scribes the strength of the Rashba SOI. The numerical
calculations [51] implemented in the KWANT software
[52].
The Fig.(3) shows the universal spin Hall current fluc-
tuation in agreement with the previous numerical [35]
and analytical [36] results. The Figs.(3.a,c) represents
the spin Hall current average, Eq.(1), as a function of
disorder U for different values of λ and energy, respec-
tively. In both cases, we observe oscillations in the tails of
the spin Hall current average, which were not announced
before. The oscillations have as the underlying mech-
anism the fluctuations in potentials V3,4. Furthermore,
the Figs.(3.b,d) show the spin Hall current deviation as
a function of U . In the former, the energy was fixed in
4FIG. 4: The figures (a,c) show the charge current average
while (b,d) show the charge current deviation in function of
disorder U . Figures (a,b) are for different SOI values λ at fix
E = 1, while (c,d) are for different values of E at fix λ = 0.8.
In both cases the charge current deviation hold a maximum
in rms[Ic] = 0.48 (dashed line).
FIG. 5: The figures (a,c) show the SHA average while (b,d)
show the one deviation in function of disorder U . Figures
(a,b), each curve is for a different value of SOI λ at fix energy
E = 1. Figures (c,d), each curve is for a different value of E
at fix λ = 0.8.
E = 1 for different SOI values λ; In all cases, the max-
imum deviations are rms[Is] = e2V/h × 0.18 (dashed
line), as expected. In the latter, the SOI value was fixed
in λ = 0.8 for different energy values; For low energy
(E = 0.02) the spin Hall current has its minimum devia-
tion, while for high energies (E ≥ 0.6) it has its maximum
deviation.
The longitudinal charge current behavior, Eq.(2), is
depicted in the Fig.(4). The Figs.(4.a,c) show the charge
current average as a function of U for different values
of λ and energy, respectively, while the Figs.(4.b,d) are
their respective deviations. Differently of the spin Hall
current average, depicted in the Figs.(3.a,c), the charge
current average does not present oscillations, Figs.(4.a,c).
FIG. 6: (a) Histograms of SHA for E = 1, U = 8 and λ =
0.7, 0.8. (b) The transmission coefficient Tαi (E)/2 = N as
a function of energy. (c) The SHA maximum deviations of
Fig.(5.d) in function of thickness N . The dashed line is a
numeric data fit.
Furthermore, the charge current maximum deviation
Fig.(4.b) occurs for disorder strength values (U ≥ 6)
larger than spin Hall maximum deviation (U ≈ 3),
Fig.(3.b). However, the spin Hall and charge currents
deviations have the same behavior, the growth as a func-
tion of energy, Fig.(4.d); For low energy (E = 0.02) the
charge current has its minimum deviation, while for high
energies (E ≥ 0.6) has its maximum. Hence, from the nu-
meric data of Figs.(4.b,d) we estimate the charge current
maximum deviation as rms[Ic] = e2V/h × 0.48 (dashed
line).
At this point, we can analyse the SHA, Eq.(3), which
is depiceted in the Fig.(5). The Figs.(5.a,c) show the
SHA average as a function of U for different values of λ
and energy, respectively, while the Figs.(5.b,d) are their
respective deviations. As we can see in Figs.(5.a,c), the
SHA average keeps the oscillations present in the spin
Hall current average. However, the SHA maximum devi-
ations happen only for U ≥ 6 Fig.(5.b), which means that
the efficiency increase is not related with the spin Hall
current fluctuations increase, but with the charge current
fluctuations increase. The more the charge current fluc-
tuates, the more efficient the charge-to-spin conversion,
in accordance with Eq.(9).
Although the Figs.(3.d) and (4.d) demonstrate an in-
crease the maximum of the deviations with the energy,
converging to a finite value, the SHA maximum devia-
tions decrease with energy without the convergence, as
demonstrated in the Fig.(5.d). Therefore, for smaller
energy E = 0.02 the SHA has its maximum deviation
ΘsH ≈ 9%, which means the SHA increasing with the
energy decreasing, in agreement with Eq.(9).
Finally, we are in a position to directly connect the
numerical result and the CLT hypothesis/results, the
5Fig.(5) and Eqs.(5) and (9). The Fig.(6) displays the con-
nection. In the Fig.(6.a) we plot the histograms of SHA
for E = 1, U = 8 and λ = 0.7, 0.8 and we demostrate the
Gaussian distribution with zero average in accordance
with CLT, as previously stated in Eq.(5). The Fig.(6.b)
shows the transmission coefficient Tαi (E) =
∑
j τ
α
ij(E) =
2N as a function of Fermi energy, which gives the re-
lation between E = 0.02, 0.2, 0.4, . . . and N = 1, 5, 8, . . ..
Hence, the Fig.(6.c) shows the SHA maximum deviations
of Fig.(5.d) as a function of N . The dashed line is the
numerical data fit, ΘsH = (10.9+0.55×N)−1. Taking the
limit of large values of N , for which the Eq.(9) is valid,
it goes to ΘsH = 1.8/N . Comparing the latter with the
Eq.(11), we obtain σ = Nle/L = N/10, which drives to
a universal relation ΘsH×σ = 0.18, as previously stated.
Conclusions - In this work, we studied the SHA fluctu-
ations of device in the disorderly regime with strong SOI.
We were able to show that the SHA deviation depends
only on three variables. Furthermore, in the limit which
the sample length is long enough, the product between
SHA maximum deviation and dimensionless conductiv-
ity holds a universal number, which is independent of
material and its specific features. This universal rela-
tion is supported by an extensive theoretical numerical
calculation. Beside, it was compared with five different
experimental data showing in the Fig. (2) obtained from
Refs. [24–28]. This result sheds light on the concept of
SHE fluctuations and their importance in spintronic.
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